Abstract -The subject-matter is the analysis of the discontinuous Galerkin nite element method of lines applied to a linear nonstationary convection-diffusion-reaction problem. In the contrary to the standard FEM the requirement of the conforming properties is omitted. The discretization is carried out with respect to space variables, whereas time remains continuous. In the discontinuous Galerkin discretization,the nonsymmetric stabilization of diffusion terms combined with interior and boundary penalty is applied. In the evaluation of uxes the idea of upwinding is used. This allows to obtain an optimal error estimate, also veri ed by numerical experiments.
INTRODUCTION
A number of complex problems from science and technology (aerospace engineering, turbomachinery, oil recovery, meteorology, environmental protection etc.) require to apply new ef cient, robust, reliable and highly accurate methods of computational uid dynamics, applicable on general unstructured and anisotropic meshes. It appears that classical nite difference, nite volume or standard nite element methods do not allow to realize numerical approximations of strongly nonlinear systems in domains with a complex geometry, whose solutions contain shock waves and contact discontinuities or steep gradients in internal or boundary layers.
An excellent candidate to overcome the mentioned dif culties is the discontinuous Galerkin nite element method (DGFEM), which becomes more and more popular in the solution of a number of problems.
The DGFEM uses piecewise polynomial approximations of the sought solution on a FE mesh without any requirement on the continuity between neighbouring elements and can be considered as a compromise between the nite volume and nite element methods. It allows to construct higher order schemes in a natural way and is suitable for the approximation of discontinuous solutions of conservation laws or solutions of singularly perturbed convection-diffusion problems having steep gradients. This method can be applied on unstructured grids, which are generated for most complex geometries.
The original DGFEM was introduced in 1973 by Reed and Hill [23] for the solution of the neutron transport equation. The rst analysis of this method was made by Le Saint and Raviart [20] , later an improvement was achieved by Johnson and Pitkäranta [18] . The DGFEM was applied to nonlinear conservation laws already in 1989 by Cockburn and Shu [9] . Their approach uses advantages of the nite element method and nite volume schemes with an approximate Riemann solver. During several recent years the DGFE schemes have been extensively developed. In the framework of the DGFEM for problems with diffusion an important question is the discretization of diffusion terms. There are several treatments of this problem. One possibility is to apply a mixed formulation, used, e. g., in [5] . Its disadvantage is a large number of unknowns. Another method is a direct discretization used, e. g., in [1, 2, 17, 22] . In [25] , DGFEM analysis is performed in the case of a parabolic problem with a nonlinear diffusion. For the applications to compressible ow, see [3, 4, [10] [11] [12] . A survey of DGFE methods and techniques can be found in [7, 8] .
In the discretization of nonstationary problems one often uses the space semidiscretization, also called the method of lines. In this approach we apply the DGFE discretization with respect to space variables, whereas time remains continuous. This leads to a large system of ordinary differential equations, which can be solved numerically by a suitable ODE solver (as, e.g. Runge-Kutta methods, BDF methods etc.). In [15] , we investigated error estimates of the DGFEM of lines applied to a nonstationary nonlinear convection-diffusion initial-boundary value problem. However, the obtained error estimate in L ¥ L 2 -norm is not optimal. Namely, for the approximation with polynomials of degree p 1, the L ¥ L 2 -error is of order h p in contrast to the expected optimal estimate of order h p 1 . Moreover, the constant C in this estimate behaves as exp cT e , where e is the diffusion coef cient and c is a constant independent of the length of the time interval, h and e. The mentioned nonoptimality is caused by the nonlinear convection and consequently by the necessary mathematical tools used in the error analysis -Young's inequality and Gronwall's lemma. However, numerical experiments [11, 15] indicate error estimates better than O h p for p 1 in L ¥ L 2 -norm. In this paper we shall try to improve the error estimate of the DGFEM of lines under the assumption that the convection-diffusion equation in consideration is linear, contains also a reaction term and its coef cients satisfy some special assumptions used in works analyzing numerical methods for linear convection-diffusion problems (cf. [26] , Chapter III, or [17] ). In the DG formulation we use the nonsymmetric version of the discretization of the diffusion terms and interior and boundary penalty. To be able to derive reasonable error estimates, it is necessary to incorporate also the idea of upwinding which consists, roughly speaking, in considering only the information that is brought from the position opposite to the streamwise direction.
The structure of the paper is as follows: First we pose the problem and introduce main assumptions. Then we carry out the discretization and de ne the DGFEM. In the third section we mention some auxiliary results needed for the derivation of the error estimate, which is then provided in the next section. In the last section we verify theoretical results by numerical experiments. 
CONTINUOUS PROBLEM
Here we assume that ¶ W ¶ W ¶ W , and
By n x we denote the unit outer normal to the boundary of W, ¶ W is the in ow and ¶ W is the out ow of ¶ W.
In the case e 0 we put u N 0 and ignore the Neumann condition (2.3).
Assumptions on data (A).
We assume that the data satisfy the following conditions:
Assumption (f) is not at all restrictive since using the transformation u e at w a const, we obtain the following equation for w from (2. 
for all j V in the sense of distributions on 0 T ;
We shall assume that the weak solution u exists and is suf ciently regular, namely, ¶ u ¶t
where an integer p 1 will denote a given degree of approximation. It is possible to show that such solution u satis es equation (2.1) pointwise (almost everywhere) and u C 0 T ; H p 1 W . (If e 0, then with the aid of techniques from [21] and [24] , it is possible to prove that there exists a unique weak solution. Moreover, it satis es the condition ¶ u ¶t L 2 Q T .)
DISCRETIZATION OF THE PROBLEM
is a suitable index set) be a standard triangulation of the closure of the domain W into a nite number of closed triangles (d 2) or tetrahedra (d 3). We assume that for
face which we denote by G i j G ji or a common vertex (for d 3 it can also be a common edge). In the case when K i K j G i j , we call K i and K j neighbours. For i I we set
For K h , by h K and r K we denote the diameter of K and the diameter of the largest ball inscribed in K, respectively. We set h max K h h K . We assume that the triangulation is shape-regular: there exists a constant C independent of K h and h such that
We introduce the so-called broken Sobolev space
and de ne the seminorm
where H k K is the seminorm in the Sobolev space
and j s i we shall use the following notation
Further, for i I we set
where n denotes here the unit outer normal to ¶ K i . In the following, we shall not emphasize the dependence of ¶ K i and ¶ K i on time by notation. In the derivation of the discrete problem we start from equation (2.1) under assumption (2.8), multiply it by any j H 2 W h , integrate over each K i , apply Green's theorem in the diffusion and convective terms, sum over all i I, add some terms to both sides of the resulting identity or vanishing terms and use the boundary conditions. We nd that the exact solution u satis es the following identity for j
The forms in (3.12) are de ned in the following way:
In the form a h u j representing the discretization of the diffusion term we use the nonsymmetric formulation. We have used Green's theorem and added here the terms G i j Ñj n i j u dS which vanish because
Noting that
we see that å j s i j i G i j Ñu n i j j dS represents the sum of integrals of j ¶ u ¶ n over faces of ¶ K i lying in W. The remaining integrals over ¶ K i ¶ W are represented by the last term in the form a h u j (where the second part cancels with the same term in the right-hand side l h j because u u D on ¶ W ) and by the terms ¶ K i ¶ W u N j dS which appear in l h j due to condition (2.3).
In the discretization of the convective terms the idea of upwinding embodied in the form b h u j is used. We apply Green's theorem and get
On the in ow part of the boundary of K i we use the information from outside the element K i . Therefore, we write u instead of u. Here u is a simpli ed notation for u G ji where j is the index of the corresponding neighbour
The integrals over ¶ K i , where the information ' ows out' of the element, remain unchanged. We further rearrange the resulting terms and nd that
The last term is transferred to the right-hand side represented by the functional l h and the other terms de ne the form b h in (3.15). The form J s h represents the interior and boundary penalty replacing the continuity of conforming nite elements. For the exact solution the rst sum vanishes because of (3.19) and the second sum cancels with the corresponding term in l h j .
The approximate solution will be sought for each t 0 T in the nite element space
where p 1 is an integer and P p K is the space of polynomials on K of degree at most p. Now the DGFE discrete problem reads: Find an approximate solution u h of
If e 0, we can also choose p 0. In this case we get the nite volume method using piecewise constant approximations. Thus, the nite volume method is a special case of the DGFEM.
AUXILIARY RESULTS

Let us consider a system
h h 0 h 0 h 0 0, of triangulations of W with property (3.2).
Lemma 4.1. There exists a constant C P 0 independent of h K and v and a mapping P :
Proof. It is possible to choose the polynomial preserving operator P as the
The properties (4.1)-(4.3) follow immediately from [6] , Theorem 3.1.4.
If we denote
where u is the exact solution and u h is the approximate solution, then from Lemma 4.1 and (2.8) we have
almost everywhere in 0 T . If p 0, then (4.6), (4.7) and (4.9) hold.
Of course, u x and h depend on x and t, but we do not emphasize their dependence on t, if not necessary.
The following two inequalities will be important.
Lemma 4.3 (multiplicative trace inequality).
There exists a constant C M 0 independent of h and K such that
For the proof see [13] , Lemma 3.1.
Lemma 4.4 (inverse inequality). There exists a constant C I 0 independent of h K such that
See [6] , proof of Theorem 3.2.6.
We shall also use the following variant of Gronwall's lemma. For the proof see [5] , Lemma 3.11.
ERROR ESTIMATES
For simplicity of notation we introduce the following norm over a subset B of either ¶ W or ¶ K i for some i I :
where n is the corresponding outer unit normal.
Our main goal will be to prove the following result.
Theorem 5.1. Let us assume that h h 0 h 0 is a system of triangulations of the domain W with property (3.2) and that conditions (A), (a)-(h) are satis ed. Let the exact solution u of problem (2.1)-(2.4) be regular in the sense of (2.8) and let u h be the approximate solution obtained by the method of lines (3.23), (a)-(c). Then the error e h u h u satis es the estimate
The proof will be carried out in several steps. We subtract equations (3.12) and (3.23) and for arbitrary but xed t 0 T put
Further, let us rearrange the terms in the form b h . We have
Now using the relation
we nd that
Finally,
Further, we estimate the terms on the right-hand side of (5.3). Obviously, the Cauchy inequality and Lemma 4.
Similarly as in [13] , Lemma 4.3 and estimates (4.7) and (4.22), using Young's inequality, we get
The estimate of b h h x is more complicated.
Lemma 5.1. We have
Proof. Using (3.15) and Green's theorem, we nd that
and, hence,
The second term in the right-hand side of (5.18) is estimated easily. We have
The third term can be rewritten and then estimated in such a way that we get
In the last part we have used the estimate following from Lemma 4.3:
The rst term on the right-hand side of (5.18) vanishes, if the vector v is constant or piecewise linear. If it is not the case, we have to proceed in a more sophisticated way. For every t 0 T we introduce a function pv t which is a (piecewise linear) Lagrange interpolation of v t . Under Assumption A (d), there exists a constant C p such that
(See [6] , Theorem 3.1.4.) The rst term in (5.18) is then estimated with the aid of (4.4), (4.6), (4.11), (5.22) and Assumption A (d) in the following way: 
Now, on the basis of (5.3)-(5.5), (5.6) and (5.9)-(5.16) we obtain the inequality
Using Assumption A (f) and integrating over 0 t , we get
where the following estimate was used:
As the last step we make use of Lemma 4.5 with c t x t L 2 W . For simplicity, we denote the left-hand side of inequality (5.25) as L x t . Then for t 0 T we get
To get an estimate of e h u h u x h, we note that
Using (4.6), (4.7), (5.12) and the estimate
derived in a similar way as (5.21), we obtain
where we denote
Let us note that for T ¥ we can write
we arrive at estimate (5.2), which we wanted to prove.
Remark 5.1. Let us omit the integrals over ¶ K i ¶ W and ¶ K i ¶ W in the form b h and the corresponding term on the right-hand side in the de nition of the approximate solution u h (which means that we cancel upwinding). Proceeding in the same way as before, we obtain the estimate of the type
We can see that it is dif cult to handle the terms G i j v n x 2 dS on the left-hand side, as v n may be both positive and negative. We can make some rearrangements, but then it is necessary to use standard Gronwall's lemma and we obtain a term like exp cT e in the right-hand side of the nal estimate which is not desirable, especially for small e. The use of upwinding is therefore necessary.
NUMERICAL EXPERIMENTS
In order to test the theoretical error estimate we present numerical experiments with the DGFEM of lines introduced in (3.23).We deal with the 2D linear hyperbolic equation The function (6.3) has two steep 'boundary layers' along the edges 1 x 2 x 2 0 1 and x 1 1 x 1 0 1 . The steepness is given by the parameter n. The computation was performed for n 0 1 and n 0 01, see Fig. 1 .
We solved the initial-boundary value problem by the presented numerical method (3.23) with p 1, i.e. piecewise linear elements. The resulting system of ODE's was solved by the forward Euler method with a small time step t 10 4 , which guarantees stability and suf ciently precise resolution with respect to time. The computational error of the steady state solution is evaluated over the domain W in L 2 W -norm:
where u st h is the numerical solution obtained by the DGFEM and u st is given by (6.3). We suppose that the error e h behaves according to the formula ( h l l 1 7) with different h l . Figure 2 shows the coarsest mesh h 1 and the nest mesh h 7 . We de ne the local experimental order of convergence by a l log e h l e h l 1 log h l h l 1 l 2 7 (6.6)
Moreover, we compute the global experimental order of convergenceā by the least squares method. By # h we denote the number of elements and h l denotes the maximum diameter of elements from h l . Table 1 shows the L 2 -error, the values of a l l 2 7 andā for the parameters n 0 1 and n 0 01. Figure 3 shows the computed numerical results on the mesh h 7 . We observe a continuous numerical solution although the discontinuous approximation is used. From Fig. 3 we see that for n 0 01 the approximate solution suffers from spurious overshoots and undershoots manifesting the so-called Gibbs phenomenon. They can be avoided by a suitable limiting of the order of accuracy of the space discretization in the vicinity of a steep gradient (see, e.g., [14] ). Nevertheless, from numerical experiments we see that the Gibbs phenomenon does not effect the theoretical order of convergence in a negative way.
CONCLUSION
Under Assumptions A (a) -(h) from the rst section we derived L ¥ L 2 L 2 L 2 and eL 2 H 1 estimates for the error of the approximate solution which are of order h p h e . This is the optimal estimate, as follows from numerical experiments performed for p 1. From Remark 5.1 it is clear that we cannot get reasonable estimates in the case when upwinding is not used in the scheme. The estimates hold true even if e 0 (hyperbolic case) and are of order h p 1 2 .
